We determine the form of all timelike supersymmetric solutions of all N ≥ 2, d = 4 ungauged supergravities, for N ≤ 4 coupled to vector supermultiplets, using the Usp(n,n)-symmetric formulation of Andrianopoli, D'Auria and Ferrara and the spinor-bilinears method, while preserving the global symmetries of the theories all the way.
Introduction
The supersymmetric solutions of supergravity theories describing vacua, black holes or topological defects, play a fundamental role in the progress of superstring theory and related areas of research. It is, therefore, very important to find and study as many supersymmetric solutions as possible, a goal to which a huge effort has been devoted in the last few years.
In his pioneering work [1] , Tod showed that it was possible to systematically find all the supersymmetric configurations and solutions of a given supergravity theory (pure N = 2, d = 4 in the case he considered, following the lead of Ref. [2] ) by exploiting the consistency and integrability conditions of the Killing spinor equations. He found that the supersymmetric solutions of pure N = 2, d = 4 supergravity fall in two classes: timelike and null. By all the supersymmetric configurations we mean all the field configurations that admit at least one Killing spinor, or equivalently one supercharge out of the 4N possible ones. The timelike supersymmetric solutions are generalizations of the Perjès-Israel-Wilson [3] stationary solutions of the Einstein-Maxwell system which themselves generalize the static solutions found by Papapetrou and Majumdar [4] . The solutions in the null class are examples of Brinkmann waves [5] . Tod's feat opened up the possibility of finding all the supersymmetric solutions of all the supergravity theories.
Tod [1, 6] used the Newman-Penrose formalism to find the supersymmetric solutions of the 4-dimensional pure N = 2 and 4 supergravity theories, so that new techniques had to be developed in order to tackle higher-dimensional cases. In Ref. [7] Gauntlett et al. proposed to work with the spinor bilinears that can be constructed out of the Killing spinors. These tensors satisfy a number of algebraic and differential equations that follow from the Fierz identities and the original Killing spinor equations that their constituents satisfy and which capture enough (if not all the) information contained in them. The consistency and integrability conditions of these new equations then determine the supersymmetric configurations of the theory. In this way, in Ref. [7] all the supersymmetric solutions of minimal supergravity in d = 5 dimensions were determined. These results were immediately extended to the Abelian gauged case [8] and later on to general matter contents and couplings [9] (always in the minimal N = 2 supergravity). The spinorbilinear method was subsequently applied to other 4-dimensional [10] - [21] , 6-dimensional [22] , 7-dimensional [23] , 11-dimensional [24] and, recently, to 3-dimensional [25] supergravities.
In this approach (which will be used in this article) the form of all the field configurations admitting at least one Killing spinor can be determined but (unless further work is done) no classification of the supersymmetric configurations by the number of independent Killing spinors they admit is done. A different (but fundamentally equivalent) approach based on spinorial geometry was developed in Refs. [26] . It has advantages over the spinor-bilinear approach: using it, an exhaustive classification of the configurations with different numbers of unbroken supersymmetries can be achieved, also in higher dimensional theories where the application of the bilinear approach becomes unwieldy, by choosing convenient bases for the spinors.
Yet another approach, more adequate for finding supersymmetric solutions with special geometries or properties, exploits the fact that a Killing spinor defines a "G structure" [7, 24, 27] . Finally, another approach used to find the timelike supersymmetric solutions of 4-dimensional theories, and applied in particular to black holes, exploits the symmetries of the dimensionally-reduced theories which become a non-linear σ-model coupled to 3-dimensional gravity [28] . The main difficulty of this powerful approach resides in the reconstruction of the 4-dimensional solutions from the 3-dimensional ones.
The spinor-bilinear method that we are going to use is, we think, more adequate to find large classes of solutions preserving (as a class) the global symmetries of the theory: using it, it has been possible to find the general form of the (pure, ungauged) N = 4, d = 4 supergravity black holes [6, 12] written in an SO(6)-covariant form although some of them (which are singular), characterized by particular choices of the charges, preserve 1/2 of the supersymmetries instead of the generic 1/4 [29] .
The spinor-bilinear method, however, becomes difficult to use for N > 2. For instance, in the timelike N = 2 case with one Killing spinor ǫ I (I = 1, 2) one can construct precisely four vector bilinears 4 V I J µ ≡ iǭ I γ µ ǫ J which can be used as a tetrad to construct the spacetime metric. For N > 2 we have too many vector bilinears and choosing four of them as a tetrad while preserving the U(N) invariance of the procedure seems impossible. There are several manifestations of the same problem in the whole procedure.
Another problem, one that is common to all approaches, is the necessity of treating different values of N separately due to the different field content and symmetries of each theory.
In this paper we are going to use the spinor-bilinear method to determine the general form of all the timelike supersymmetric solutions of all the N ≥ 2, d = 4 ungauged supergravities coupled to matter vector multiplets (when these supermultiplets are available). As we will show, the main difficulties of the spinor-method problem can be solved at least to the extent that the solution allows us to determine the general form of all the timelike supersymmetric solutions. This has required a deeper study of the algebra of spinor bilinears than has been made in the literature hitherto and which has allowed us to find a way to define an SU(2) subgroup without explicitly breaking the U(N) R-symmetry of the equations. Furthermore, we are going to use the N-independent "supergravity tensor calculus" introduced in Ref. [30] , which allows the simultaneous study of all the N ≥ 2, d = 4 ungauged supergravities just as one can work with tensors constructed over vector spaces of undetermined number of dimensions and obtain results valid for any d.
We have found that each timelike supersymmetric solutions is closely related to a truncation to an N = 2 theory determined by a U(2) subgroup of the U(N) R-symmetry group 5 . It has to be emphasized that this does not mean that each of them is just a solution of an N = 2 truncation since, for instance, all the vector fields are generically non-vanishing and some of them would be eliminated by a generic truncation to N = 2. However most (if not all) of them may be generated by duality relations from a solution of the associated N = 2 truncation. This process can be rather cumbersome but, in any case, our results render it unnecessary.
The construction of any timelike supersymmetric solution proceeds along the following steps:
1. We have to choose the U(2) subgroup which determines the associated N = 2 truncation:
It turns out that we also have to impose the constraint
6 Naively one may think that it is always possible to choose a basis in U(N ) space such that, for instance, M 12 = −M 21 = +1 and the rest of the components vanish, whence J is the identity in the corresponding 2-dimensional subspace. However, the necessary change of basis involves an, a priori, arbitrary local U(N ) rotation and the theory is not really U(N ) gauge-invariant even if some fields undergo field-dependent compensating U(N ) transformations when one performs a global symmetry transformation and there is a U(N ) gauge connection which is a composite field.
This problem was first observed by Tod in his study of the N = 4 theory [6] and, being unable to prove it, he conjectured that this rotation was always possible.
We have not been able to prove this hypothesis in general either. We have proven that covariant constancy is required, though, which implies in the pure N = 4 case studied by Tod (Ω I J ∼ δ I J ) as well as in the pure N = 3 theory (Ω = 0) that J has to be constant.
implying that the σ-matrices are constant in the subspace preserved by the projector J . 7 The four matrices {J , σ m } provide a basis for the U(2) subgroup of the associated N = 2 truncation and can be seen as generators of its R-symmetry group.
Defining the complementary projectorJ ≡ I N ×N − J it is possible to separate the scalars into those corresponding to the would-be vector multiplets and hypermultiplets of the associated N = 2 truncation. Thus, from the scalars in the generic supergravity multiplet, described by the (pullback of the) Vielbein P IJKL µ ≡ P [IJKL] µ and from the scalars in the generic matter multiplet, described by P i IJ µ ≡ P i [IJ] µ ; those in the vector multiplets are described by
and those in the hypermultiplets are described by
and
The discrimination between these two kinds of scalars is, however, important: those corresponding to the vector multiplets are sourced by the electric and magnetic charges and enter into the attractor mechanism while those corresponding to the hypermultiplets are not and should be frozen in supersymmetric black-hole solutions.
2. Once the choice of U(2) subgroup is made, the solutions are constructed by the following procedure 8 :
(a) Using the symplectic functions of the scalars V IJ (A.5), which generalize the canonical symplectic section V of the N = 2 theories [33] , we define the real symplectic vectors R and I by
which are U(N) singlets. No particular U(N) gauge-fixing is necessary to construct the solutions.
(b) For the supersymmetric solutions, the components of the symplectic vector I are real functions satisfying the Laplace equation in the 3-dimensional transverse space with metric γ mn , to be described later. This is the only differential equation that needs to be solved.
(c) R can in principle be found from I by solving the generalization of the so-called stabilization equations.
(d) The metric of the solutions has the form
where
so they can be computed directly from R and I. The 3-dimensional transverse metric γ mn is determined indirectly by the would-be hypers; in particular, when those scalars are frozen the metric is flat. The full condition that the 3-dimensional metric has to satisfy is that its spin-connection must be related to (the pullback of) the connection of the scalar manifold, Ω in (A.9), by
Observe that only the su(2) part of Ω contributes to ̟ mn9 .
(e) The vector field strengths are given by
(f) The scalars corresponding to the vector multiplets in the associated N = 2 truncation, represented by the projected Vielbeine
can in principle be found from R and I. The Killing Spinor Identities guarantee that the equations of motion of these scalars are satisfied if the Maxwell equations and Bianchi identities are satisfied 10 , which is the case when the components of I are harmonic functions on the transverse space.
(g) The scalars corresponding to the hypers, described by the Vielbeine
must be found independently by solving the supersymmetry constraints 9 It plays the same rôle as the su(2) connection of the hyper-Kähler manifold in Ref. [14] and the condition on the metric is identical to the one found in the N = 2 case although in that case the 2 × 2 matrices σ m are the standard, constant, Pauli matrices 10 Actually, the only independent equations of motion that need to be solved are the 0 th components of the Maxwell equations and Bianchi identities. Some of the other equations are just automatically satisfied for supersymmetric configurations and the rest is proportional to those 0 th components.
The Killing Spinor Identities guarantee that their equations of motion are automatically solved 11 .
In the rest of this paper we are going to prove in full detail the above result. We are going to start by giving the generic description of all the N ≥ 2, d = 4 supergravities with vector multiplets (where available) in Section 2. In Section 3 we are going to present the Killing spinor equations for all these theories and we are going to find the Killing Spinor Identities that constrain the off-shell equations of motion of the bosonic fields for supersymmetric field configurations.
Generic description of N ≥ 2, d = 4 Supergravities
We are going to study all the N ≥ 2, d = 4 supergravities coupled to vector multiplets simultaneously, using the fact that all the supergravity multiplets and all the vector multiplets for all N = 1, · · · , 8 can be written in the same generic form [30] ; we only need to take into account the range of values taken by the U(N) R-symmetry indices, denoted by uppercase Latin letters I etc. taking on values 1, · · · , N, in each particular case 12 . The generic supergravity multiplet in four dimensions is
and the generic vector multiplets (labeled by i = 1, · · · , n) are
The spinor fields ψ I µ , χ IJK , χ IJKLM , λ iI , λ i IJK have positive chirality with the given positions of the SU(N) indices.
The scalars of these theories are encoded into the 2n-dimensional (n ≡ n +
) symplectic vectors (Λ = 1, . . .n) V IJ and V i whose properties are reviewed in Appendix A. They appear in the bosonic sector of the theory via the pullbacks of the Vielbeine P IJKLµ (supergravity multiplet) and P iIJ µ (matter multiplets) 13 . There are three instances of theories for which the 11 This situation is completely analogous to what happens with the hyperscalars of N = 2 theories [14] 12 This formalism is taken from Ref. [30] , but adapted to the notations of Ref. [12] . Furthermore, throughout this paper we use the convention that the only fields and terms that should be considered are those whose number of antisymmetric SU(N ) indices is correct, i.e. objects with more than N antisymmetric indices are zero and terms with Levi-Cività symbols ǫ I1···IM should only be considered when M equals the N of the supergravity theory under consideration. There are also constraints on the generic fields for specific values of N that we are going to review. 13 The Vielbeine P ij µ either vanish identically or depend on P IJKLµ and P iIJ µ , depending on the specific value of N . Thus, they are not needed as independent variables to construct the theories. scalar Vielbeine are constrained: first, when N = 4 the matter scalar Vielbeine are constrained by the SU(4) complex self-duality relation 14 N = 4 ::
Secondly, in N = 6 the scalars in the supergravity multiplet are represented by one Vielbein P IJ and one Vielbein P IJKL related by the SU(6) duality relation N = 6 :: 4) and lastly the N = 8 case, in which the Vielbeine is constrained by the SU(8) complex selfduality relation N = 8 ::
These constraints must be taken into account in the action. The graviphotons A IJ µ do not appear directly in the theory, rather they only appear through the "dressed" vectors, which are defined by
The action for the bosonic fields is
where N ΛΣ is the generalization of the N = 2 period matrix, defined in Eq. (A.11), and where the parameters α 1 , α 2 are equal to 1 in all cases except for N = 4, 6 and 8 as one needs to take into account the above constraints on the Vielbeine: α 2 = 1/2 for N = 4, α 1 + α 2 = 1 for N = 6 (the simplest choice being α 2 = 0) and α 1 = 1/2 for N = 8. The action is good enough to compute the Einstein and Maxwell equations, but not the scalars' equations of motion in the cases in which the scalar Vielbeine are constrained: these constraints have to be properly dealt with and the resulting equations of motion are given below. The supersymmetry transformations of the bosonic fields can be written in the form
where U is the Usp(n,n) matrix describing the scalars, defined in Eq. (A.2). Those of the fermionic fields can be put in the form
12)
14)
where we have defined the graviphoton and matter vector field strengths 17) and where
18)
Ω being the pullback of the connection on the scalar manifold, defined in Appendix A. We stress that, according to our conventions, the terms with ε-symbols should only be considered when the value of N equals its rank. Furthermore, when N = 4, 6 or 8 Eqs. (2.15) and (2.16) depend on the first three supersymmetry rules, whereas for N = 2 they are equations for non-existing fields: therefore, Eqs. (2.15) and (2.16) only need to be considered in the cases N = 3 and 5, and then only the first term on the l.h.s. is non-vanishing.
For convenience, we denote the Bianchi identities for the vector field strengths by
and the bosonic equations of motion by 
where we have defined the dual vector field strengthF Λ bỹ
Using Eqs. (A.29) and (A.30) and taking into account the constraints satisfied by the Vielbeine in the cases N = 4, 6 and 8, we find that the scalar equations of motion take the following forms, slightly different for each value of N:
:
Killing Spinor Equations and Identities
The Killing spinor equations are
where, as indicated by the notation, the last two KSEs should only be considered for N = 5 and N = 3, respectively. From the bosonic supersymmetry transformation rules we immediately find using the algorithm of Refs. [34, 35] 
In these equations it is implicitly assumed that the Bianchi identities are satisfied, i.e. B Λ µ = 0. It is, however, convenient not to make use of this assumption as to preserve the manifest electric-magnetic duality of the formalism. We can, and will, introduce the Bianchi identities into these equations by the replacement
where E is the symplectic vector containing the Maxwell equations and Bianchi identities. We can start to derive consequences from these identities in terms of the spinor bilinears defined and studied in Appendix D and in this paper we will only study the case in which the vector bilinear,
Timelike case
It is convenient to work with flat indices and use a Vierbein basis in which
Acting with iǭ I andǭ K γ ν on the first KSI Eq. (3.6) we get,
respectively. Multiplying the second identity with M KI we obtain
The symmetry and reality of the Einstein equation imply, firstly
so all components of the Einstein equations but E 00 are automatically and identically satisfied 15 ; secondly
where we have defined the U(N)-neutral real symplectic vectors R and I by
whence the remaining component of the Einstein equations is satisfied if the 0 th component of the Maxwell equations and Bianchi identities are satisfied. Thirdly and finally 15 As explained in Ref. [36] this poses strong constraints on the sources of the solutions because having supersymmetry unbroken everywhere implies that the KSIs should be identically (i.e. not up to δ-function terms) satisfied everywhere. 16 The imaginary part of the equation E 0 | I = 0 is related to the absence of sources of NUT charge in globally supersymmetric solutions [36] .
Acting with iǭ L andǭ L γ ν on Eq. (3.7), which is only to be considered for N ≥ 3, we obtain
and antisymmetrizing the four free indices we get 
This implies that the projections 25) which should be understood as the equations of motion of the scalars that would correspond to the vector multiplets scalars in the associated N = 2 truncations, are satisfied if the 0 th component of the Maxwell equations and Bianchi identities are. From Eq. (3.22) we can derive 26) whence the projections that would correspond to the hypers are automatically satisfied. From Eq. (3.8) we get
The first of these equations states first of all that
which, combined with Eqs. (3.23) implies by means of the completeness relation Eq. (A.14) that
Therefore, the only component of the Maxwell equations and Bianchi identities that are not automatically satisfied due to supersymmetry, are E 0 ; secondly, for the projections onto equations of motion of scalars in N = 2 vector multiplets
Contracting the second of these equations with V a |M| −2 we get
from which we get for the projections onto equations of motion of scalars in N = 2 hypermultiplets
For the special cases N = 5 and 3 we can define the SU(N) duals of the scalar equations of motion:
and we can rewrite Eqs. (3.9) and (3.10) in a more useful form:
Thus, in all cases the Einstein equations E 0m , E mn , the Maxwell equations and Bianchi identities E m and the scalar equations
Q are automatically satisfied; the Einstein equation E 00 and the scalar equations
Q are satisfied if the 0 th component of the Maxwell equations and Bianchi identities E 0 are satisfied. To check that all the scalar equations of motion are, therefore, satisfied if E 0 are, it is convenient to make a detailed analysis case by case. N = 2:: As mentioned before, Eq. (3.27) relates the complete scalar equations of motion to the 0 th component of the Maxwell equations an Bianchi identities. Therefore, we only need to solve E 0 = 0. N = 3:: The KSIs Eqs. (3.32) and (3.36) can be combined intõ
and we conclude that, as in the N = 2 case, the only equation that needs to be solved is E 0 = 0. N = 4:: As mentioned before, Eq. (3.22) relates the complete scalar equation
where E is the equation of motion of the complex scalar parametrizing Sl(2, R)/SO(2). More explicitly, we have
From Eq. (3.32) and its SU(4) dual, using the N = 4 constraint
ε IJKL E iKL we arrive at the N = 4-specific KSI 40) which leads us to the same conclusion as in the previous cases. N = 6:: In this case we have to consider the KSIs (3.22) involving E IJKL and (3.32), involving E IJ plus the constraint relating these equations of motion:
Expressing both KSIs in terms of E
IJ only, we can combine them into
which brings us to the same conclusion as before.
In all cases the equations of motion of the scalars are automatically satisfied if the 0 th component of the Maxwell equations and Bianchi identities are. This will simplify the task of finding supersymmetric solutions enormously as there is only one independent symplectic vector of equations E 0 . On the other hand, to check consistency, we have to check that all the supersymmetric configurations satisfy the above KSIs.
N ≥ 2, d = Killing Spinor Equations for the bilinears
The supersymmetry rules in Sec. (3) induce differential relations between the spinor-bilinears, defined in Section (D), and the various supergravity fields. As such, these relations contain the local information of the supersymmetric configurations and the solutions and are therefore the starting point in the deductive reconstruction process of the supergravity fields from the KSEs. We start this process by enumerating said differential relations.
From Eq. (3.1) we get
From Eq. (3.2) we get
From Eq. (3.3) we get
From Eq. (3.4), which is only to be considered for N = 5, we obtain N = 5 ::
The last equation can be written as
where we have used the dual VielbeinP
As was said before, in the case of N = 3 we must also take into account Eq. (3.5), which leads to N = 3 ::
As in the N = 5 case, we can use the dual VielbeinP 
First consequences
Having enumerated the differential relations, we start the analysis by expanding Eq. (4.3), as to obtain
Substituting Eq. (4.1) in the last term, we get
from which we can find T IJ + by means of the following relation that holds in the timelike case
Likewise from Eq. (4.5) we deduce
Eqs. (4.14,4.16) and (A.20) can then be used to find the complete field strengths, i.e.
The trace over I over J in Eq. (4.2) gives 19) which implies that V µ is always a Killing vector 20) and that, had we been dealing with the null case (M IJ = 0), it would have been covariantly constant.
Considering the equations involving the Vielbeine for each value of N, we can derive the general result
The first of these equations together with the expression for T IJ
Timelike case
We define the time coordinate t by 23) which implies that all the fields are (covariantly) time-independent. Taking into account that V 2 = 2|M| 2 and the above choice of coordinate,V must take the form
where ω = ω m dx m is a time-independent 1-form to be determined. We can use the 1-formV to construct the 0 th component of a Vielbein basis {e a }
The other three 1-forms of the basis {e 1 , e 2 , e 3 } will be chosen arbitrarily 17 . In general none of the remaining vector bilinears is an exact 1-form: with the available information we can only say that the 4-dimensional metric takes the form 26) where the 3-dimensional metric γ mn also has to be determined. This equation does not imply that it is possible to choose a gauge in which dJ = 0 because the theories we are considering are only invariant under global U(N) transformations and not under arbitrary gauge transformations (the connection Ω is a composite field). Nevertheless, observe that J is constant in the U(2) directions of the Killing spinors:
17 It is worth stressing the differences with the procedure followed in the N = 2 case in Ref. [14] : in the N = 2 case one can use the well-known constant Pauli matrices and construct {e 1 , e 2 , e 3 } decomposing the vector bilinear V I J µ with respect to {σ 1 , σ 2 , σ 3 }. In the general case there are a priori no constant N × N Pauli matrices available and we are forced to choose {e 1 , e 2 , e 3 } first, and then use them to construct the N × N Pauli matrices, which generically will be non-constant: see Appendix D for more detail.
as follows from its idempotency J 2 = J . On the other hand, this condition will allow us to relate consistently each supersymmetric configuration to a truncation to an N = 2 theory with vector supermultiplets and hypermultiplets: J projects the U(N) space onto an U(2) subspace, which defines the associated N = 2 truncation. Using J we are going to be able to project the scalar Vielbeine P IJKL and P i IJ onto scalar Vielbeine belonging to the vector supermultiplets or the hypermultiplets of the truncation.
The integrability condition of DJ = 0 is 34) which restricts the holonomy of the pullback of the connection of the scalar manifold to the group generated by the U(N) subalgebra that commutes with J ; this group is U(2) ⊗ U(N − 2), the first factor being generated by {J , σ 1 , σ 2 , σ 3 }. Since R(Ω) can be expressed in terms of the scalar Vielbeine using Eq. (A.33), the above condition is a condition on the Vielbeine. Below, we are going to derive several conditions for the Vielbeine that will ensure that the above condition is satisfied.
Another important consequence of the condition DJ = 0 is
which leads to relations such as 
which can be rewritten as an equation in the background of the 3-dimensional spatial metric:
Using the symplectic vectors R and I defined in Eq. (3.17) and the constraint
and then we can rewrite the equation for ω in terms of I 40) and |M| in terms of R and I 41) which are identical to the ones obtained in Refs. [13, 36] for N = 2 theories coupled to vector multiplets and with the same integrability condition, namely
Let us now move on to Eq. (4.28): it can be interpreted as Cartan's first structure equation for a torsionless connection ̟ mn = −̟ nm on the 3-dimensional space
where the connection can be read off and is
This equation relates the spin connection of the 3-dimensional transverse space to the pullback of the connection of the scalar manifold. This spin connection is constrained by Eq. (4.29): multiplying by σ p and taking the trace, we find that
which is a gauge condition associated to our choices. Defining a new covariant derivativeD = D + ̟, where ̟ mn acts on the upper m, n indices of the σ matrices 18 we can rewrite now Eqs. (4.29) and (4.30) in the combined form
The integrability condition of this equation relates the curvature 2-form of ̟ mn to an su(2) projection the curvature of the pullback of the connection of the scalar manifold Ω:
If we compute the curvature R mn (̟) using Eq. (4.44) we find on the r.h.s. the extra term
which must vanish for consistency. We are going to impose the condition
which says that the σ m matrices are constant in the U(2) directions of the Killing spinors, just as J . We have not found a better proof of this condition, but we shall see that it is the simplest condition that solves the KSEs. 18 Explicitly,D m σ n ≡ D m σ n − ̟ m np σ p . We do not distinguish between upper and lower flat 3-dimensional indices.
Using Eq. (A.33) we can rewrite Eq. (4.47) in a form that can be compared directly with the SU(2) curvature and quaternionic structures of the quaternionic-Kähler manifold in which the scalars of N = 2 hypermultiplets live. Then Eq. (4.47) relates the curvature of the spatial 3-dimensional metric γ with the SU(2) curvature of the hyperscalars, completely analogous to what happens in the N = 2 case with hypermultiplets [14] . To find the projections of the scalar Vielbeine that correspond to the hyperscalars in the associated N = 2 truncation defined by J , we first use Eqs. (4.47) and (A.33) to write the Ricci tensor of γ as 4) and (4.6), together with the expressions for the supergravity and matter vector field strengths Eqs. (4.14-4.16), we get the following constraints on the scalar Vielbeine:
51)
which can be rewritten in the form
Using them in the above equation, the Ricci tensor of γ takes the form
(4.55)
The hyperscalar Vielbeine in the associated N = 2 truncation are clearly identified in this expression. The conditions for a flat 3-dimensional metric, or said differently the no-hypers conditions, are therefore
56)
(4.57) 19 These equations should be compared with the conditions that supersymmetry imposes on the pullbacks of the quaternionic Vielbeine in N = 2 theories [14] . 20 For N = 2 the r.h.s. vanishes identically, as the formalism used only takes into account vector multiplets.
Solving the KSEs
We have thus far obtained the following necessary conditions for a field configuration to admit at least one Killing spinor and to lie in the timelike class of solutions:
1. All the fields are time-independent and related to a complex, antisymmetric matrix M We are going to see that these necessary conditions are also sufficient: let us start by plugging our result for T i Eq. (4.16) into Eq. (3.3), leading to
Decomposing now
we get
3) Each of the two terms has to vanish separately because they depend on independent components of P iIJ m . The first term can vanish in two different ways:
M N = 0 (vanishing matter vector field strengths T i (4.16)). In this case, the generic way to make the second term to vanish is to impose 22 21 Simpler expressions for the vector field strengths will be given in the next section. 22 Compare this equation with Eq. (4.35) of Ref. [14] . 
If P iM N m M
M N = 0 then we have to impose In the case of N = 3 supergravity we have to consider the KSE Eq. (3.5), which is readily seen to be solved by the condition Eq. (4.9). Observe that this condition automatically implies the "no-hypers" condition, in agreement with the absence of hypermultiplets in the truncations from N = 3 to N = 2. Therefore, in N = 3 supergravity the only projector that ever needs to be imposed on the Killing spinors is Eq. (5.6).
Let us then consider the KSE Eq. (3.2). Substituting our result for T IJ , Eqs. (4.14) and (4.15), we can immediately write it as
(5.7) 23 These projectors satisfy (Π m± )
Again, we can distinguish two different cases: 
where 11) and from DJ = 0 we get
The second term in Eq. (5.9) can be put in the form
(5.13) 24 Here we have used Eq. (4.36) to simplify the expression. 25 Acting on this equation with the projectorJ I L we find the integrability condition DJ = 0.
Putting all this information together and choosing the upper sign so the terms Tr(J Ω m ) cancel, we can rewrite the reduced KSE using 3-dimensional differential forms as
where we have defined the U(N) row vectorǫ I ≡ |M| −1/2 ǫ I . The integrability condition of this equation
is identically satisfied 26 . This shows that the necessary conditions for supersymmetry enumerated at the beginning of this section are also sufficient. Furthermore, we have shown that the Killing spinors generically satisfy the condition Eq. (5.5), which preserves 2/N supersymmetries; if the supergravity or matter vector field strengths are non-vanishing, then they also satisfy the condition Eq. (5.6), which breaks a further 1/2 of the supersymmetries and, if one of the scalar Vielbein projections
does not vanish, then the Killing spinor must satisfy one condition Eq. (5.4) (with the upper sign only) for each value of m, each of which breaks the supersymmetry a further factor of 1/2 up to a maximum 1/(4N), which is the fraction of supersymmetry preserved by a generic configuration.
Equations of motion
The supersymmetric configurations found in the previous section do not necessarily satisfy all the equations of motion. In order to find supersymmetric solutions, we have seen in Section 3 that it is enough to require that the supersymmetric configurations satisfy the 0 th components of the Maxwell equations and Bianchi identities because the rest of the equations of motion are then, according to the KSIs, automatically satisfied. In this section we are going to find the 0th component of the Maxwell equations and Bianchi identities and we will check that the KSIs are satisfied for the supersymmetric configurations that we have obtained. This will serve as a powerful cross-check of our results.
Let us start with the Maxwell equations and Bianchi identities: it is convenient to construct a symplectic vector of 2-forms F containing the field strengths F Λ and their symplectic dualsF Λ ,
The Bianchi identities and Maxwell equations can be written in the form dF = 0. The field strengths F Λ can be easily deduced from the equations obtained in Sec. (4.1) and read
Using the same results one can deducẽ
Combining the two expressions one can see that the symplectic vector F is given by
Using the equation for ω (4.37) and DJ = 0, it can be rewritten in the form
The combined Maxwell equations and Bianchi identities (i.e. dF = 0) then imply the equations
which, can be rewritten in the form 8) in full agreement with the fact, derived from the KSIs, that the Maxwell and Bianchi equations only have nontrivial 0 th component. To calculate E 00 we need to use Eq. (4.41) to express the second derivatives of |M| in terms of symplectic sections. Then
Using in the second term Eq. (A.24) we find that
10) It is straightforward to show that E 0m = 0 identically, and, for simplicity, we compute
(6.11) Finally, from Eqs. (4.14) and (4.16) we find that the scalar equations of motion are given by:
(6.12) 
and 21) and finally N = 8::
Checking the KSIs
Let us start by checking the KSI Eq. (3.19). Substituting the above expression, we get
The r.h.s. vanishes identically due to the integrability condition of the equation that defines the 1-form ω, Eq. (4.42), whose existence is a necessary condition of supersymmetry.
To check the KSI Eq. (3.16) we need to compute E 0 | R :
Comparing this with the expression for E 00 given in Eq. (6.10) we find that supersymmetry, requires the following relation between the curvature of the 3-dimensional space and the scalars
a result we will comment upon shortly.
As for the KSI (3.15) we point out that, as we mentioned in the previous section, E 0m vanishes identically; from Eq. (6.11) we see that E mn vanishes if Eq. (6.25) is satisfied and furthermore that
This is the only equation we really need to impose on the 3-dimensional metric as Eq. (6.25) is nothing but its trace. One can show (case by case, for each N) that this expression is completely equivalent to Eqs. (4.55), which are satisfied by the supersymmetric configurations. We can then check those KSIs that relate the equations of motion of the scalars to the 0 th component of the Maxwell and Bianchi equations. It is convenient to first compute them for the result for a generic value of N, and then consider a specific value. For generic N one obtains 27) and
: it is enough to check the KSI Eq. (3.27) using the form of the equation of motion derived before Eq. (6.12) being careful with the P 2 and P 4 terms. A detailed calculation shows that they cancel each other, in agreement with the results of Ref. [13] . 30) which vanishes upon use of Eqs. (4.53) and (4.46).
In conclusion we see that the KSIs are always satisfied.
Conclusions
The results presented in this paper are a first step towards a full characterization of all the fourdimensional supersymmetric solutions preserving at least one supercharge. It is clear that further work is needed in order to make the general solutions presented here more explicit for each N: first of all, convenient parametrizations of the matrices M IJ satisfying all the required properties (in particular all the supersymmetry constraints involving the projector J ) and general ways to construct the generalized Pauli matrices σ m have to be found, the stabilization equations have to be solved (this is in general hard, and might prove impossible); furthermore, the scalar fields need to be resolved; the would-be vector-scalars should be resolved in terms of the harmonic functions and the would-be hyperscalars should be found the hard way by solving the relevant equations (4.53,4.54) and their consistent interplay with the connection on the 3-dimensional base space, Eq. (4.44). Only then will we have explicit expressions for the supersymmetric solutions. The problem is similar to, but definitely more involved than, finding supersymmetric solutions in d = 4 N = 2 supergravities coupled to vector and hypermultiplets [14] . A further issue that needs to be investigated and which does not arise in the N = 2 d = 4 case is the classification of supersymmetric solutions preserving more than the minimal amount of supersymmetry.
The supersymmetric black hole solutions of the 4-dimensional supergravities are a very interesting subclass of the supersymmetric solutions identified here. They are "hyper-less" (i.e. they have a flat 3-dimensional base space) solutions and, therefore, simpler to construct. The blackhole solutions of N = 8 are particularly interesting due to the possible ultraviolet-finiteness of the theory, e.g. [46] . There are many partial results in the literature [37, 38, 39, 40] including very large families of solutions obtained via N = 2 truncations of the theory [31] but the derivation of a manifestly E 7(7) -invariant family of solutions on which the conjectures concerning the E 7(7) -invariant entropy formula [41] could be explicitly checked is highly desirable. Our results provide a starting point for this derivation [42] .
The attractor mechanism [43] (see also the more recent reference [44] ) has been one of the main tools for the study of supersymmetric black-hole solutions. Our results establish a clear distinction between the scalars which are driven by the electric and magnetic charges of the vector fields (which would belong to the would-be vector multiplets of the associated N = 2 truncation) and, therefore, subject to the attractor mechanism, and those that are not (which would belong to the would-be hypermultiplets of the associated N = 2 truncation). A simple derivation of the attractor flow equations for the first kind of scalars based on the general form of the solutions found here can be readily given [45] .
Another interesting class of timelike supersymmetric solutions which deserves to be studied in more detail is the class of domain walls associated to the supersymmetry projectors Π m± I J and, therefore, to the would-be hyperscalars of the associated N = 2 truncation. Finally, to complete the program of characterizing all supersymmetric solutions, the supersymmetric solutions in the null class need to be identified. In the null class the U(N) R-symmetry group is broken to U(1) × U(N − 1) and there is an "N = 1 truncation" associated to the U(1) subgroup [47] . The solutions will then be analogous to the supersymmetric solutions of the ungauged N = 1 theories with no superpotential, classified in Refs. [16] and [17] , and include waves, strings and domain walls.
In terms of the symplectic vectors
these constraints take the form
with the rest of the symplectic products vanishing. The left-invariant Maurer-Cartan 1-form can be split into the Vielbeine P and the connection Ω as follows:
Thus, the different components of the connection are
and those of the Vielbeine are
The period matrix N ΛΣ is defined by
which implies properties which should be familiar from the N = 2 case: for instance 12) and
which can be derived from the definition of N and Eq. (A.4). We also quote the completeness relation
Defining the H Aut × H M atter covariant derivative according to 29 We use the convention
and using Eq. (A.12) we obtain from (A.9) 16) and from (A.10)
The above equation can be inverted to give
using Eq. (A.13). The definition of the covariant derivative leads to the identities
The inverse Vielbeine P * IJKL , P * iIJ , P * ij , satisfy (here A labels the physical fields)
Their crossed products vanish but their products with P ij A do not. We find 
(A.28) and, using Eqs. (A.23) and taking into account that their contraction with P ij does not necessarily vanish, implies
Using the Maurer-Cartan equations dΓ + Γ ∧ Γ = 0 and direct calculations we find that the curvatures of Ω KL IJ and Ω j i are
The vanishing of the curvature of Ω i IJ leads to
In this section we will spill out the field content of the relevant graviton-and vector supermultiplet 30 by giving said field content in a table followed by the possible constraints that apply for for each individual case.
In order to recover the N = 4 field content we have to impose The situation for the N = 6 case is a little bit more involved. In spite of the fact that for N = 6 there are no vector multiplets, the graviton multiplet is obtained from the "general case" Eq. (2.1) coupling an extra "vector multiplet". This is because the decomposition of SO * (12) with respect to SU(6) produces a singlet (this is the "practical reason" why Eq. (2.1) is not enough). The presence of the singlet comes together with the fact that SO * (12)/U(6) has a Special Geometry structure.
In order to recover the N = 6 field content we have to impose 30 The information in this appendix taken from Ref. [30] , but adapted to the notations of Ref. [12] . 
C Gamma matrices and spinors
We work with a purely imaginary representation γ a * = −γ a , (C.1) and our convention for their anti-commutator is
Thus,
The chirality matrix is defined by As we are going to see, this matrix of 2-forms can be expressed entirely in terms of the scalar and vector bilinears.
It is straightforward to derive identities for the products of these bilinears using the Fierz identity Eq. (C.8). First, the products of scalars: which should be understood for N > 2 of the fact that the ǫ I are not linearly independent 33 . As a consequence of the above identity, the contraction of J with any of the bilinears is the identity. Using this result and Eq. (D.15), we find
Other useful identities are 31 We omit the product M IJ Φ KL ab which will not be used. 32 The product V I J a V L K b gives a different identity that will not be used 33 For N = 2 we automatically have J 
That is: they, together with J , generate a u(2) subalgebra of u(N) in the eigenspace of J of eigenvalue +1 and provide a basis in the space of Hermitean matrices satisfying J AJ = A: the last of the above properties is a completeness relation in that subspace since it implies that It is not clear when a combination of global U(N) and local SO(3) transformations is enough to render the matrices σ x constant; however, whenever it is possible, then the projector J will also be constant. Needless to say, in the N = 2 case it is always possible.
E Connection and curvature of the conforma-stationary metric
A conforma-stationary metric has the general form 
